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Abstract

This paper presents a nonlinear control framework for a dual-axis bicopter platform that combines exact
input–output feedback linearization with an Extended Kalman Filter (EKF) for state estimation and online
actuator gain identification. This dual estimation mechanism enables the controller to compensate for mod-
eling errors and actuator variations in real time. The results demonstrate that, while parameter uncertainty
significantly degrades performance, the integration of EKF-based identification restores nominal tracking
accuracy and enhances robustness against noise. Overall, the presented methodology provides an effective
and reliable solution for nonlinear aerial platforms subject to uncertainty and sensor disturbances.

Keywords: Feedback linearization, Extended Kalman filter, Nonlinear control, Parameter identification,
UAV dynamics, Bicopter

1. Introduction

The importance of unmanned aerial vehicles
(UAVs) has grown significantly in recent years
due to their wide range of applications in fields
such as mining, precision agriculture, inspection,5

and surveillance. These systems often operate
in uncertain and dynamically changing environ-
ments, where external disturbances, sensor noise,
and parametric uncertainty are unavoidable. More-
over, because UAV platforms exhibit inherently un-10

stable, nonlinear, and multivariable dynamics [1],
achieving reliable control requires a solid under-
standing of advanced control theory. In addition,
most UAVs are underactuated systems, which lim-
its the applicability of classical control strategies15

designed for fully actuated platforms [2]. These
challenges are further compounded by model uncer-
tainties, actuator faults, strong subsystem coupling,
measurement noise, and external disturbances, all
of which significantly affect performance and moti-20

vate the development of robust and adaptive control
methodologies [3].

To support the study and validation of such con-
trol methods, laboratory platforms like the Quanser
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AERO 2-DOF system have become widely used.25

This setup consists of a bicopter-like mechanism
with two rotors rigidly mounted on a base, enabling
rotation about the pitch and yaw axes. Its me-
chanical simplicity, combined with experimentally
validated parameters, makes it an ideal testbed for30

developing and evaluating nonlinear control algo-
rithms. A detailed dynamic model of this type of
pitch–yaw mechanism has been previously explored
in [4, 5, 6, 7], and a concise description of the AERO
system is provided in the manufacturer’s documen-35

tation [8], which serves as a foundation for modeling
in this work.

Several studies have addressed the control of bi-
copter systems with dynamic coupling and uncer-
tain parameters. For example, adaptive nonlinear40

control approaches have been employed to compen-
sate for unknown dynamics [9], while adaptive back-
stepping strategies in pure feedback form have been
proposed to avoid explicit inversion of the input
map [10]. These contributions highlight the rele-45

vance of combining nonlinear control laws with es-
timation techniques to improve robustness under
model uncertainty and actuator coupling.

In this work, the pitch and yaw states of the
platform—typically obtained through IMU sensors50

and encoder measurements—are considered to be



affected by measurement noise. This motivates
the use of an Extended Kalman Filter (EKF) as
an observer to provide accurate state estimation.
Furthermore, since actuator thrust gains are of-55

ten obtained through empirical calibration and may
vary during operation, the EKF is also employed
to perform online parameter identification. This
dual estimation capability is essential to ensure that
the feedback-linearizing controller receives consis-60

tent state and parameter information despite noise
and uncertainty.

The remainder of this paper is organized as fol-
lows. Section 2 presents the mathematical mod-
eling of the pitch–yaw system, including actuator65

coupling and nonlinear dynamics. Section 3 de-
scribes the proposed control methodology, combin-
ing input–output feedback linearization, state es-
timation, and online parameter identification. Sec-
tion 4 provides simulation results evaluating perfor-70

mance under parameter uncertainty and measure-
ment noise. Finally, conclusions and future research
directions are discussed in Section 5.

2. Mathematical System Modeling

This section develops the mathematical model of75

the dual–axis system (pitch–yaw) under consider-
ation. The model is derived from the free–body
diagram (FBD), energy expressions, and actuator
characteristics of the system. The resulting rep-
resentation is expressed in a nonlinear state–space80

form suitable for analysis and control design.

2.1. Dynamic Description of the Pitch–Yaw Mech-
anism

The system consists of a rigid body capable of
rotating about two orthogonal axes: pitch θ and85

yaw ψ. Each axis is actuated by electric motors that
generate thrust forces, producing control torques.
Additionally, gravitational torque and mechanical
damping are present in the pitch axis.

From the free-body diagram (Fig. 1), the forces90

acting on the system include:

• Fpp, Fpy: thrust forces generated by the pitch
motor due to pitch and yaw voltages.

• Fyp, Fyy: thrust forces generated by the yaw
motor due to yaw and pitch voltages.95

Figure 1: Free Body Diagram of the system

The gravitational component mg influences only
the pitch axis. Mechanical damping torques are
given by:

Tdp = −Dvpθ̇, Tdy = −Dvyψ̇.

The physical system is subject to the following
mechanical constraints:100

−60◦ ≤ θ ≤ 60◦, Vp, Vy ∈ [−24 V, 24 V].

2.2. Actuator Model and Cross–Coupling Effects
The pitch and yaw torques are generated accord-

ing to:

Tp = Tpp + Tpy, (1)
Ty = Tyy + Typ. (2)

The voltage–to–thrust relationships are modeled
as:105

Tp = kppVp + kpyVy, (3)
Ty = kyyVy + kypVp. (4)

The coefficients kpp and kyy correspond to the
direct thrust gains, while kpy and kyp model
cross–coupling effects between pitch and yaw ac-
tuation.

All physical parameters are summarized in Ta-110

ble 1.
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2.3. Kinetic and Potential Energies
Given the rotational inertias Ip and Iy, and the

distance from the pivot to the center of mass lcm,
the total kinetic energy of the system is:115

K =
1

2
Ipθ̇

2+
1

2
Iyψ̇

2+
1

2
l2cmm

(
θ̇2 + ψ̇2 sin2 θ

)
. (5)

The gravitational potential energy is:

V = −mglcm cos θ. (6)

Using Lagrange’s equations

d

dt

(
∂K

∂q̇

)
− ∂K

∂q
+
∂V

∂q
= τq,

with generalized coordinates q = [θ, ψ]T , the non-
linear equations of motion are obtained.

2.4. Nonlinear Dynamic Model120

The nonlinear dynamics of the pitch–yaw system
are given by the following differential equations:

θ̈ =
kppVp+kpyVy−Dvpθ̇+ml

2
cmψ̇

2 sin(θ) cos(θ)−mglcm sin(θ)
Ip+ml2cm

(7)

ψ̈ =
kyyVy+kypVp−Dvyψ̇−2ml2cmψ̇θ̇ sin(θ) cos(θ)

Iy+ml2cm sin2(θ)

(8)
Considering the state variables

x1 = θ, x2 = θ̇, x3 = ψ, x4 = ψ̇,

the state–space model can be rewritten in
strict–feedback form as125

x =


x1
x2
x3
x4

 , u =

[
Vp
Vy

]
, ẋ = f(x) + g(x)u,

f(x) =


x2

A1(x)

x4

A2(x)

 (9)

g(x) =



01×2

B1

01×2

B2


(10)

where the nonlinear drift terms are

A1(x) =
−Dvpx2+ml

2
cmx

2
4 sin(x1) cos(x1)−mglcm sin(x1)
Ip+ml2cm

(11)

A2(x) =
−Dvyx4 − 2ml2cmx4x2 sin(x1) cos(x1)

Iy +ml2cm sin2(x1)
.

(12)
and the input vector fields are

B1(x) =

[
κpp

Ip +ml2c

κpy
Ip +ml2c

]
(13)

B2(x) =

[
κyp

Iy +mlcm2 sin2(xh)

κyy

Iy +mlcm2 sin2(xh)

]
(14)

3. Control Design Methodology

This section presents the complete control
methodology for the bicopter pitch–yaw platform.130

The objective is to guarantee accurate trajectory
tracking in both axes despite parametric uncer-
tainty and sensor noise. The proposed strategy
combines three components: (i) exact input–output
feedback linearization, (ii) an Extended Kalman135

Filter (EKF)–based observer for state reconstruc-
tion, and (iii) online identification of thrust gains
required for the linearizing control law.

3.1. Strict–Feedback Form and Zero Dynamics
Analysis140

From the nonlinear model derived in Section 2,
and using the outputs

y1 = θ = x1, y2 = ψ = x3,

the system admits the strict–feedback representa-
tion:

ẏ1 = x2, ẏ2 = x4,

and145

ẋ2 = A1(x) +B1(x)u, ẋ4 = A2(x) +B2(x)u,
(15)

Since Ip +ml2cm > 0 and Iy +ml2cm sin2(θ) > 0
for all admissible angles, the decoupling matrix

B(x) =

[
B1(x)
B2(x)

]
3



Table 1: Physical parameters of the pitch–yaw system adapted from [7]

Parameter Symbol Typical Value
Moment of inertia in pitch Ip 0.0219 kgm2

Moment of inertia in yaw Iy 0.0219 kgm2

Distance from fixed frame to COM lcm 2.42mm
Mass m 1.15 kg
Thrust and voltage gain in pitch kpp 0.01144Nm/V
Thrust and voltage gain in yaw kyy 0.01144Nm/V
Cross gain (yaw thrust vs pitch voltage) kyp 0.00950Nm/V
Cross gain (pitch thrust vs yaw voltage) kpy 0.00980Nm/V
Pitch damping coefficient Dvp 0.0072Nms/rad
Yaw damping coefficient Dvy 0.0085Nms/rad

never vanishes. Hence, the system is feedback lin-
earizable and the internal (zero) dynamics are iden-
tically zero, i.e., the system has no internal dynam-150

ics. This property allows the design of an exact
input–output linearizing control law.

3.2. Input–Output Feedback Linearization
Differentiating the outputs twice yields:

ÿ1 = A1(x) +B1(x)u, (16)
ÿ2 = A2(x) +B2(x)u. (17)

Grouping them in vector form:155 [
ÿ1

ÿ2

]
=

[
A1

A2

]
+

[
B1

B2

]
u,

we introduce the virtual control input v = [v1 v2]
T

and define:

u = B(x)−1
(
v −A(x)

)
, (18)

so that the input–output dynamics become the fully
decoupled linear system:

ÿ1 = v1, ÿ2 = v2.

3.3. Trajectory Tracking Control Law160

Let the desired trajectories be θd(t) and ψd(t),
satisfying their respective smoothness require-
ments. Define the tracking errors:

eθ = y1 − θd(t), ėθ = ẏ1 − θ̇d(t),

and similarly for ψ. Choosing the second–order lin-
ear stabilizing law:165

v1 = θ̈d(t)− k1ėθ − k2eθ, (19)

v2 = ψ̈d(t)− k3ėψ − k4eψ, (20)

ensures exponential convergence of both tracking
errors.

Substituting v1, v2 into (18) yields the complete
nonlinear control law:

u = B(x)−1

([
θ̈d − k1ėθ − k2eθ
ψ̈d − k3ėψ − k4eψ

]
−
[
A1

A2

])
.

3.4. Observer and Online Parameter Identification170

Accurate feedback linearization requires the
knowledge of all states and of the input gains
(kpp, kpy, kyp, kyy), which are uncertain and subject
to modeling errors.

To overcome this difficulty, an Extended Kalman175

Filter (EKF) is used to simultaneously estimate:

x = [θ, θ̇, ψ, ψ̇]T , φ = [kpp, kyy]
T .

The augmented state vector is:

Xe =

[
x
φ

]
∈ R8.

Its dynamics follow:

Ẋe =

[
f(x) + g(x, φ)u

0

]
+

[
wx
wφ

]
,

where wx, wφ are process noise terms. Linearization
about the current estimate yields the EKF matri-180

ces:

A(t) =
∂(f(x) + g(x, φ̂)u)

∂Xe

∣∣∣
(x̂,φ̂)

, C(t) =
∂(y)

∂Xe
,

and the Kalman gain:

L(t) = P (t)C(t)TR−1,

where R is the sensor noise covariance.
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The EKF innovation is defined as

ỹ(t) = y(t)− h(x̂(t)), (21)

where h(x̂(t)) is the measurement model.185

h(x̂(t)) =

[
x̂1(t)
x̂3(t)

]
, (22)

The time evolution of the estimated augmented
state is

˙̂x(t) = f
(
x̂(t), φ̂(t), u(t)

)
+ L(t) ỹ(t), (23)

where L(t) is the Kalman gain.
The covariance matrix satisfies the Riccati differ-

ential equation190

Ṗ (t) = A(t)P (t) + P (t)A(t)T +Q− P (t)C(t)TR−1C(t)P (t)

(24)
where Q and R are the process and measurement

noise covariance matrices, respectively.

3.5. Complete Control Architecture

The overall control structure, figure 2, is com-
posed of the following interconnected blocks:195

• The nonlinear plant (bicopter pitch–yaw dy-
namics).

• The EKF–based observer/identifier producing
x̂ and φ̂.

• The input–output linearization block comput-200

ing A(x) and B(x).

• The linear controller generating the virtual in-
puts v1, v2.

• The linearizing law computing the physical
control inputs u = [Vp, Vy]

T .205

This structure ensures noise attenuation, online
parameter adaptation, and exact input–output be-
havior.

4. Simulation Results

This section presents numerical simulations de-210

signed to evaluate the performance of the proposed
feedback–linearization controller with state estima-
tion and parameter identification. The assessment
is structured into three scenarios: (i) parametric

Figure 2: Complete Control Architecture

uncertainty without identification, (ii) adaptive pa-215

rameter identification via an EKF, and (iii) robust-
ness under measurement noise.

From (18), the gains used were:

k1 = 1.7, k2 = 7, k3 = 1.7, k4 = 7.

For the EKF, the weighting matrices used in the
simulations were:220

Q = I6,

R = 4,000,000 I2.

4.1. Case 1: Parametric Uncertainty Without
Identification

In this scenario, the controller operates with fixed
incorrect actuator gains, k̃pp ̸= kpp and k̃yy ̸= kyy.
The observer estimates only the system states and225

does not attempt to identify the uncertain param-
eters.

Figure 3 illustrates a clear degradation in track-
ing accuracy. These results confirm the inherent
sensitivity of the feedback–linearized system to pa-230

rameter variations when no adaptation mechanism
is incorporated.

Figure 3: Controller designed assuming kpp = kyy = 0.099.
(a) Bounded estimated states. (b) Constant actuator gains.
(c) Degraded pitch tracking due to parameter mismatch. (d)
Yaw tracking, still acceptable despite uncertainties. (e) Pitch
control voltage. (f) Yaw control voltage. (g) Estimated pitch
state x1. (h) Estimated pitch state x2.
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4.2. Case 2: Full Controller with EKF Parameter
Identification

In this case, the extended Kalman filter estimates235

both the system states and the uncertain actuator
gains, k̂pp(t) and k̂yy(t). Figure 4 shows that the
EKF rapidly converges toward the true parameter
values, restoring nominal tracking performance.

Figure 4: Controller with real-time estimation of kpp and
kyy . (a) Bounded estimated states. (b) Convergence of the
actuator gains. (c) Improved pitch tracking. (d) Improved
yaw tracking. (e) Pitch control voltage. (f) Yaw control
voltage. (g) Estimated pitch state x1. (h) Estimated pitch
state x2.

4.3. Case 3: Robustness Under Measurement Noise240

In the final evaluation, Gaussian noise is added to
the angular measurements θ and ψ. Only the com-
plete control architecture (feedback linearization +
observer + EKF).

Figure 5 demonstrates that the EKF effectively245

attenuates sensor noise and preserves accurate pa-
rameter estimation, enabling the controller to main-
tain reliable tracking performance.

Figure 5: Controller with real-time estimation of kpp and
kyy under Gaussian noise of standard deviation 0.01 (ap-
proximately 31.6% of the reference amplitude). (a) Bounded
estimated states. (b) Convergence of the actuator gains. (c)
Robust pitch tracking. (d) Robust yaw tracking. (e) Pitch
control voltage. (f) Noisy yaw control voltage. (g) Noisy
pitch measurement and estimated x1. (h) Estimated pitch
state x2.

4.4. Performance Analysis and Comparison
The results across the three scenarios allow for a250

clear comparative evaluation of the proposed con-
trol architecture:

• State estimation: In all scenarios, the
observer successfully estimated the system
states, demonstrating the effectiveness of the255

state–estimation layer regardless of parameter
conditions or noise.

• Effect of parameter uncertainty: Scenario
1 revealed that even slight deviations in actu-
ator gains significantly impair tracking perfor-260

mance. This sensitivity is consistent with the
structure of feedback linearization, which de-
pends critically on accurate model parameters.

• Benefits of adaptive estimation: In Sce-
nario 2, the EKF compensated for the param-265

eter mismatch by driving the estimates toward
their true values, thereby restoring nominal
tracking behavior. This confirms that online
identification is essential for maintaining per-
formance under uncertain conditions.270

• Robustness to measurement noise: Sce-
nario 3 demonstrated the superior robustness
of the full control architecture. Despite sub-
stantial measurement noise, the EKF effec-
tively filtered the signals and maintained ac-275

curate parameter estimates, enabling reliable
tracking.

Overall, the comparison highlights that state es-
timation alone is insufficient under parameter un-
certainty, whereas the integration of EKF-based pa-280

rameter identification significantly enhances both
performance and robustness.

5. Conclusions and Future Work

This work presented a nonlinear control frame-
work combining feedback linearization, state es-285

timation, and real-time parameter identification
through an extended Kalman filter. The simulation
results confirm that the proposed strategy achieves
accurate tracking under nominal conditions and
maintains satisfactory performance in the presence290

of parameter uncertainties and measurement noise.
The comparative analysis demonstrated that

model inaccuracies severely degrade tracking when
parameters are fixed, highlighting the need for
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adaptive mechanisms. Incorporating EKF-based295

parameter estimation successfully mitigates this
limitation by ensuring convergence to the true actu-
ator gains while simultaneously filtering noisy mea-
surements. As a result, the overall architecture ex-
hibits strong robustness and reliability.300

Future research will focus on developing adaptive
or learning-based controllers capable of generating
smoother control inputs, reducing chattering effects
observed in some scenarios. Additionally, experi-
mental implementation on a physical test platform305

will be pursued to validate the proposed approach
under real-world operating conditions.
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